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Summary

This paper is a continuationof previouswork, anddiscussesthe methods
requiredto:

� Computethe motion of a 
uid

� Smoothly update the position of the liquid surface

� Renderthe 
uid surface

Main Focus: Water posesa more di�cult problemthan smoke because
of the discontinuousinterfacebetweenthe water and the air.
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Background
� Surfacetracking

{ Osherand Sethian(1988) Levelset method (pure Eulerian)

� Rendering

{ Wann-Jensen(1995) Photon mapping

� Fluid simulation

{ Basiccomputational
uid dynamics
{ Harlow and Welch (1965) Marker-and-Cell technique for grid

calculations
{ Kassand Miller (1990) Height�eld solution to waveequation
{ Stam (1999) Stable(implicit) 
uid dynamicsin three dimensions
{ Foster and Fedkiw (2001) Re�ned surfacedescriptionfor liquids
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Osher and Sethian (1988)

Introducelevelset method, a convenientway of de�ning multiple 
uids
in an Eulerian(grid-only) sense.

The water surfaceis de�ned by � = 0 isosurfaceof the �eld value � .
Foster and Fedkiw (2001) representthe insidethe liquid volumeas � � 0,
and outsideas � > 0.

The advectionequationfor � is

�
@
@t

+ u � r
�

� = 0 (1)

The normal vector can be easilycalculatedfrom � : n̂ = r �= jr � j
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Wann-Jensen (1995)
Developed photon mapping, a Monte-Carlo method for global

illumination and interfacial light transport; this technique captures not
only the indirect illumination in a scene(radiosity-like), but also the light
causticscausedby refractionof light through a movingdensity interface.

Figure 1: Imagerenderedusing photon mapping, note global illumination
and caustics
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Photon mappingworks somethinglike this:

1. Population phase: Photonsare traced from light sourcesinto the scene;
they react with re
ective and refractive surfacesand will eventuallybe
absorbed by a surface|this location and the photon'senergyare stored.

2. Collection phase: The sceneis raytraced using standard methods, but
when the ray reachesa surfacewherea light intensity value is desired,
a complexaveragingproceduredeterminesthe proper surfacecolor and
intensity.
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Figure2: Causticsfrom a glassof cognac,renderedusingphoton mapping
with 200,000photons;smooth causticsrequirea smooth refraction surface
and su�cient photon density
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Equations of 
uid motion

Assumingdensity (� ) andtemperatureare nearly constant,a 
o w canbe
described by the Navier-Stokes equations,written here in pressure-velocity
variables:

r � u = 0 (2)
�

@
@t

+ u � r � � r 2
�

u = g �
1
�

r p + f (3)

� wherer = (@=@x; @=@y; @=@z) is the gradientoperator in 3-D,

� (@=@t + u � r � � r 2) is the frequently-recurringconvection-di�usion
operator, and

� f is an externalforce per unit mass.
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Explicit vs. implicit formulations

In order to solve these systems,the volumesare discretizedinto cells
of size� x, and the equationsaboveare convertedinto discreteequations.
Both spatial and temporal derivativesare rewritten.

A second-order explicit formulation for the �rst derivativeis:
�

@u
@x

�

i
=

ui +1 � ui � 1

2� x
+ O (� x2) (4)

And a similar-order implicit formulation looks like:

1
2

" �
@u
@x

�

i
+

�
@u
@x

�

i +1

#

=
ui +1 � ui

� x
+ O (� x2) (5)
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Advantagesand disadvantagesof eachmethod include:

� Explicit

{ unknown quantity solvedusingonly known quantities
{ requireswider \fo otprint" for givenorder of accuracy
{ usuallyrequiressmall time step to be stable

� Implicit

{ solvingfor unknown quantitiesrequiresmatrix solution
{ requiressmaller\fo otprint" for givenorder of accuracy
{ can acceptmuch larger time step and remainstable
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Harlow and Welch (1965)

Establishedthe now-popular MAC (Marker And Cell) method for grid-
based(Eluerian) computational
uid dynamics

Figure3: Classicmarker-and-cellstaggeredgrid cell
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On this grid, solve the 2D incompressibleNavier-Stokes equationsin
pressure-velocity:

r � u = 0 (6)
�

@
@t

+ u � r � � r 2
�

u = g �
1
�

r p (7)

The spatial and temporal discretizationsare explicit.

Marker particles placedon the surfaceare advectedat the local velocity
and determinethe con�guration of the free surface.

Velocities normal to walls are set to zero, and the pressurein the
interfacecellsis set to atmospheric.
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Kass and Miller (1990)

Createda stable (implicit) 
uid solver for 1-D and 2-D shallow-water
equations(waveequation).

With h(x; y) as the height of the water surface,and b(x; y) the height
of the ground,set d(x; y) = h � b as the depth of the water; we write the
equationsfor conservationof massand momentum(this time usingvelocity
and depth variables)as:

@d
@t

+
@ud
@x

= 0 (8)
�

@
@t

+ u � r
�

u = � g
@h
@x

(9)
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If one ignores the non-linear advection term (u � r u ), one can
di�erentiate and rearrangethe terms to write the equation:

@2h
@t2 = gd r 2h (10)

which is the waveequationwith wavespeed
p

gd.

In 1-D the implicit discretizationcreatesa tridiagonal matrix for h(x),
and in 2-D, the waveequationsolution is split and solvedonedimensionat
a time (iterating until a stablesolution is reached).
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Figure4: 1-D dynamicheight�eld simulationresults

This paper also presentsresultsfor 2-D height�elds. Later, Foster and
Metaxas(1996) reworked the 2-D height�eld case,but ejectedparticles to
simulatesplashing,and did not throw away the non-linear advectionterm.
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Stam (1999)

� A true 3-D solver,unlike height�elds usedby Kassand Miller (1990)

� Usesa semi-Lagrangianschemefor advection�rst proposedby Courant,
Isaacson,and Rees(1952)

� Usable only for gaseous-like phenomenaas advection method causes
signi�cant dissipation

� 2-D versionruns in real time (interactive), 3-D in near-real time at low
enoughresolutions
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The procedureis as follows:

1. Start with u(x ; t) and � t,

2. Modify it for externalforces(f ) usingexplicit step,

3. Modify it for advectionusingsemi-Lagrangianformulation,

4. Modify it for di�usion usingimplicit solution to Poissonequation,

5. Project the resultingdivergentvelocity �eld onto a divergence-free�eld,
call it u (x ; t + � t)

GFX Lunch 17



Mark Stock 2002/11/18

Stam: 3. Advection step

The new velocity at point x is the velocity at a point traced backwards
� t on a frozenstreamlinethrough point x .

This method is unconditionallystablebut unrecoverablydi�usive.
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Stam: 4. Di�usion step

To allow the usertunabledi�usion, a di�usion stepis included.This step
usesan implicit formulation for di�usion becausethe explicit formulation is
unstablewhen viscosity is large (though Foster and Fedkiw, 2001, usethe
explicit version).

Usingthe author's notation:

�
I � � � t r 2�

w 3(x ) = w 2(x ) (11)

This step requiressolution of a sparse linear system,which the author
claimscan be donein linear time: O (M ).
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Stam: 5. Projection step

The previousstepsproducea divergentvelocity �eld (r � u 6= 0).

Projectingthis velocity �eld onto a divergence-freevelocity �eld requires
useof the Helmholz-HodgeDecomposition, which statesthat a vector �eld
(w ) can be written as the sumof a divergence-freevector �eld (u ) and the
gradientof a scalar-valueddilatation �eld (q):

w = u + r q (12)

The divergenceof this equationis:

r � w = r 2q (13)

which is a Poissonequationfor q, and anothersparse linear system.
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Stam: Additional calculations

Smoke densitieswerespreadusingthe convection-di�usionoperator with
sourceand sink terms.

�
@
@t

+ u � r � � a r 2
�

a = Sa � � aa (14)

These �elds were rendered in hardware as an overlapping series of
transparencylayers.
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Stam: Results

Figure 5: Comparison of 3-D smoke tracking using linear (Stam 1999) vs.
cubic (Fedkiw, Stam, Jensen2001) interpolation
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Foster and Fedkiw (2001)

The methods in this paper lay the foundation of the majority of the
work donein Enright, Marschnerand Fedkiw (2002), including:

� Fluid solverfrom Stam (1999), but

{ Useexplicit di�usion step
{ Enforce divergence-freevelocity �eld only after accounting for solid

objects

� Combinedlevel set and Lagrangianfront-tracking method for surface
de�nition

� New approachfor calculating
o w around objects
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Their procedureis as follows:

1. Discretizevolumeof 
uid and solidsinto voxels

2. Model liquid interfacewith particles and implicit surface

3. Update the grid velocities as per Stam (1999)

4. Apply velocity constraintsdue to objects(moving or not)

5. Enforce incompressibility by solvingPoissonequation

6. Update interfacelocation, surfaceparticles and implicit surface

7. Repeat steps3-6
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FF: 2. Mo del liquid surface
Usesa hybrid method that combinedpure Lagrangianparticle tracking

with purelyEulerianlevelset method.

First, particles are placedto completely�ll the insideof the initial 
uid
volume.

From these particles, an implicit function � (x ) is created on a high-
resolutiongrid and smoothed.

Figure6: True isosurfaceof implicit function, interpolated, then smoothed
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FF: 3. Update velocities

The velocity calculation more-or-less follows that of Stam (1999).
Boundariesare treated basedon the contentsof the cell.

� Cells completely in the air phase have their velocities set to zero|
assumesthat air dynamics have negligible e�ect (caused problem in
Shrek)

� Cells on the liquid-air interface have their pressureset to atmospheric
and havetheir velocities adjustedto explicitly enforce incompressibility.

� Cells inside solid objects have their velocities set to that of the object
(seenext slide)
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FF: 4. Apply velocity constraints

To account for the e�ects of moving, solid objects in the 
o w, perform
the following steps:

1. During grid velocity calculation, treat any cells inside solid objects as

uid cells with a velocity equal to the given object's velocity, including
rotation.

2. Each
uid cell that intersectsa solidboundary getsits componentnormal
to the object set to zero

3. Reset the velocities of cells within solid objects to the given object's
velocity, includingrotation.

4. Continueon to the next step (enforce incompressibility) and hold �xed
the velocity for thosecellswithin solid objects.
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FF: 5. Enforce incompressibility

A method almost identical to that of Stam (1999) is used,only instead
of an arbitrarily-scaleddilatation �eld q, Foster and Fedkiw write a Poisson
equationfor the pressurep:

r 2p =
�

� t
r � u (15)

This pressureis then used to update the individual velocities (authors'
notation):

ut +� t
ij k = uij k �

� t
� � �

( pn � pn � 1) (16)
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FF: 6. Update surface

The isosurface(level set) de�ned by � (x ) is updated usinga high-order
upwind di�erencing scheme(on the higher resolution grid, presumably).
Osherand Sethian(1988) gavethe equationto update the function � as:

�
@
@t

+ u � r
�

� = 0 (17)

The particles makingup the surfaceare advectedaccording to the local
velocity, and any particles more than a few grid cellsaway from the surface
are removed.

In areaswherethe curvatureof � is large, the particles will modify the
local valueof � . This correspondsto areaswheresplashingoccurs.
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FF: Results

Figure7: Sphericalball movesinto 
uid volume,140x110x90grid cells
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Enright, Marschner, and Fedkiw (2002)|Finally

EMF build on the work of Foster and Fedkiw (2001), adding:

� A new \thick ened" front-tracking technique

� New velocity extrapolation method to allow more control over water
surfaceappearance

� Integrationwith photon mappingrenderer

The method, like others,still uses1st order Euler time step integration
for all advectionoperations, and 1st order trilinear interpolation for grid-
particle or particle-grid operations.
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Particle level set metho d

� Method is inspiredby the feature/detail loss inherent in pure level set
methods, and the failure of the one-sidedhybrid liquid volumemethod
to model the air phase.

� Representsa shift away from volumemethods and to surfacemethods

� Uses� 64 particles per grid cell on both sidesof surfaceto de�ne the
surface

� Particle radii set to be tangent to surfacewheneverpossible

� During advection,any\escaped" particlesare usedto correct the implicit
function � .
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Figure 8: Example surface showing marker particles on both sides of
interface
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Velocity extrapolation

The essenceof this method is the extrapolation of velocities farther
inside the air volumefrom the air-water interface. This allows the useof
higher-order methods for advectionof levelset and particles.

The method solvesfor eachof the component velocities, one cell at a
time, usingthe equation:

@u
@�

= � n̂ � r u (18)

where� is pseudo-time,and n̂ is the normal vector de�ned by the level
set (n̂ = r �= jr � j)

Becausethis is purelyad-hoc, this extrapolatedvelocity canbe averaged
with a desiredwind �eld to churn up or suppressthe surfacemotion.
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Results

Figure9: Sphericalball movedinto 
uid, 140x110x90grid cells
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Figure10: Water being pouredinto a clear glass,55x55x120grid cells
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Figure 11: Wave breaking on a submergedshelf, 540x75x120grid cells,
renderedby proprietary software at ILM

GFX Lunch 37



Mark Stock 2002/11/18

Conclusion

Enright, Marschner,andFedkiw(2002) haveextendedthe previouswork
of FosterandFedkiw(2001), producingan evolutionary improvementin the
simulationand renderingof water for a CGproduction environment.

Its advantagesinclude:

� tunableparametersallow somecontrol overdynamics

� renderingstep properly accountsfor all light transport in the scene

Its disadvantagesinclude:

� conservationof massnot enforced|causes \p opping" of features
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